For two nonempty, closed, bounded and convex subsets A and B of a uniformly convex Banach space X consider a mapping T :
Introduction and Preliminaries
Let A and B be two nonempty subsets of a Banach space X. Define Interestingly, it is a generalization of the concept of coupled fixed point [4] under the assumption A ∩ B = φ. If we take A ∩ B = φ, then the notion of coupled best proximity point reduces to that of coupled fixed point.
Given a Banach space (X, . ), define a norm on X × X by (x, y) = max{ x , y }. Recall that a Banach space X is said to be uniformly convex if for every 0 < ǫ ≤ 2 there exists δ > 0 such that for any x, y ∈ X with x = 1 = y and x − y ≥ ǫ we have x+y 2 ≤ 1 − δ. It is known that every uniformly convex Banach space is reflexive.
Indeed, best approximation results ensures the existence of approximate solutions but the solutions may not be optimal. On the other hand, best proximity point results yield optimal approximate solutions. Several authors (see [1-3, 6, 7, 10, 12, 13] ) have obtained best proximity points of various contraction and nonexpansive mappings in Banach spaces and metric spaces. The following result by Kirk et al. [6] guarantees that A 0 and B 0 are nonempty: Eldred and Veeramani [1] introduced the notion of cyclic contraction mappings and established the existence of a best proximity point of cyclic contraction mapping.
Let A and B be two nonempty subsets of a metric space (X, d). A mapping T : A ∪ B → A ∪ B is a cyclic contraction mapping if it satisfies the following conditions: (i) T (A) ⊂ B and T (B) ⊂ A, (ii) d(T x, T y) ≤ λd(x, y) + (1 − λ)dist(A, B), for some λ ∈ (0, 1) and all x ∈ A, y ∈ B. Sankar and Veeramani [10] introduced the notion of cyclic nonexpansive mappings and studied best proximity points of such mappings.
Let A and B be nonempty subsets of a normed linear space X. A mapping T : A → B is a cyclic nonexpansive mapping if it satisfies the following conditions: Recently, many authors (see [5, 8, 9, 11] ) have studied Ulam-Hyers stability for integral equations, differential equations, operatorial equations and various fixed point problems in different spaces. In this paper we extend the notion of Ulam-Hyers stability to coupled best proximity point problem as follows: 
there exist α, β > 0 and a coupled best proximity point (x * , y * ) of T such that
In this paper we introduce the notion of p-cyclic contraction and p-cyclic nonexpansive mappings. We extend the notion of cyclic contraction and cyclic nonexpansive mappings introduced by Eldred and Veeramani [1] and Sankar and Veeramani [10] , respectively. The main objective of the paper is to formulate necessary conditions which ensure the existence of a coupled best proximity point of such mappings in the setting of uniformly convex Banach spaces. The coupled best proximity point theorems obtained not only ascertain the existence of an approximate solution but also ensure its optimality. Also, we investigate Ulam-Hyers stability of the coupled best proximity point problem in the case of p-cyclic contraction and p-cyclic nonexpansive mappings. An example is also provided to illustrate the efficiency of the results.
Main Results
Throughout this section, we denote by N the set of natural numbers. We obtain coupled best proximity point results of p-cyclic contraction and p-cyclic nonexpansive mappings in the context of uniformly convex Banach spaces. Definition 2.1. Let A and B be two nonempty subsets of a Banach space X. A mapping T : (A × B) ∪ (B × A) → A ∪ B is a p-cyclic contraction mapping if it satisfies the following conditions:
, for some λ ∈ (0, 1).
The following results are instrumental in proving the subsequent results: 
,
Proof. Consider
Similarly,
Proceeding likewise we obtain
Letting n → ∞ we get, (
Proposition 2.3. Let A and B be two nonempty and closed subsets of a Banach space
Proof. Suppose that {(x 2n i , y 2n i )} be a subsequence of {(x 2n , y 2n )} converging to (x, y) ∈ A × B. Consider
Using Proposition 2.2 we deduce that
.
B).
A parallel result to [1, Lemma 3.7] can be obtained in the following form:
Lemma 2.4. Let A and B be two nonempty, closed and convex subsets of a uniformly convex Banach
Then for each ǫ > 0 there exists N 0 ∈ N such that for all m > n ≥ N 0 we have
Lemma 2.5. Let A and B be two nonempty, closed and convex subsets of a uniformly convex Banach space X. Let {(x n , y n )} and {(u n , v n )} be sequences in A × B and {(w n , z n )} be a sequence in 
which gives
Using (2.2), (2.3) and Lemma 2.5 we deduce that
Similarly, we show that
Now we show that for each ǫ > 0 there exists N ∈ N such that for all m > n ≥ N we have
Assume on the contrary, there exists ǫ 0 > 0 such that for all i ∈ N, there exists m i > n i ≥ i for which
Let m i be the least positive integer satisfying this inequality, i.e.,
Letting i → ∞ and using (2.4) we have
Also, observe that
Using (2.4), (2.5) and (2.6) we have dist(A, B) + ǫ 0 ≤ dist(A, B) + λ 2 ǫ which implies that λ 2 ≥ 1, a contradiction. Therefore, for every ǫ > 0 there exists N ∈ N such that for all m > n ≥ N we have (x 2m , y 2m ) − (T (x 2n , y 2n ), T (y 2n , x 2n )) ≤ dist(A, B) + ǫ.
Then using (2.2) and Lemma 2.4, for every ǫ > 0 there exists N 0 ∈ N such that for all m > n ≥ N 0 we have (x 2m , y 2m ) − (x 2n , y 2n ) ≤ ǫ.
Therefore, {(x 2n , y 2n )} is a Cauchy sequence and hence convergent. By Proposition 2.3 there exists (x, y) ∈ A × B such that
Therefore,
Let (x, y) be another coupled best proximity point of T . Consider
Similarly, T (T (y, x), T (x, y)) − T (y, x) = dist(A, B). This implies that (T (T (x, y), T (y, x)), T (T (y, x), T (x, y))) − (T (x, y), T (y, x)) = max{ T (T (x, y), T (y, x)) − T (x, y) , T (T (y, x), T (x, y)) − T (y, x)) } = dist(A, B).
Using (2.7) and Lemma 2.5 we get (x, y) −(T (T (x, y), T (y, x)), T (T (y, x), T (x, y))) = 0. Therefore, T (T (x, y), T (y, x)) = x and T (T (y, x), T (x, y)) = y.
Similarly,
T (T (x, y), T (y, x)) = x and T (T (y, x), T (x, y)) = y.
This gives (T (x, y), T (y, x)) − (x, y) ≤ (x, y) − (T (x, y), T (y, x)) . (2.8)
Similarly, (T (x, y), T (y, x)) − (x, y) ≤ (x, y), (T (x, y), T (y, x)) . (2.9)
From (2.8) and (2.9) we conclude that (x, y) − (T (x, y), T (y, x)) = (x, y) − (T (x, y), T (y, x)) . (2.10)
, then using (2.7), (2.10) and Lemma 2.5 we deduce that (x, y) = (x, y).
This implies that (x, y) − (T (x, y), T (y, x)) < (x, y) − (T (x, y), T (y, x)) , a contradiction. Therefore, (x, y) = (x, y). Hence, T has a unique coupled best proximity point. Let ǫ > 0 be given and
Hence, the coupled best proximity problem is Ulam-Hyers stable.
Definition 2.7. Let A and B be two nonempty subsets of a Banach space X. A mapping S : 
is a p-cyclic nonexpansive mapping if it satisfies the following conditions: (i) S(A, B) ⊂ B and S(B, A)
Proof. Since every uniformly convex Banach space is reflexive, by Lemma 1.1 we infer that A 0 is nonempty. Then there exists (
Since A and B are convex,
If (x 1 , y 1 ), (x 2 , y 2 ) ∈ B × A, then we proceed as in the previous case. If (x 1 , y 1 ) ∈ A × B and (x 2 , y 2 ) ∈ B × A, then consider
This implies that T n is a p-cyclic contraction mapping. Therefore, by Theorem 2.6 there exists unique (x n , y n ) ∈ A × B such that
As T n (x n , y n ) ∈ B and T n (y n , x n ) ∈ A, (x n , y n ) ∈ A 0 × B 0 . Since A 0 × B 0 is bounded, closed and convex, {(x n , y n )} has a weakly convergent subsequence. Assume that the sequence {(x n , y n )} itself converges weakly to (x * , y * ) ∈ A 0 × B 0 . Therefore,
As . is weakly lower semi-continuous,
This gives
Since S is p-cyclic nonexpansive mapping, Proof. By Theorem 2.8 there exists a sequence {(x n , y n )} in A 0 × B 0 and (x * , y * ) ∈ A 0 × B 0 such that the following holds:
. Since A 0 × B 0 is compact, weak convergence implies strong convergence. Therefore, lim
Therefore, x * − S(x * , y * ) = dist(A, B). Similarly, y * − S(y * , x * ) = dist(A, B). Since A and B are bounded, there exist M A , M B > 0 such that x ≤ M A for all x ∈ A and y ≤ M B for all y ∈ B. Let ǫ > 0 be given and (u * , v * ) ∈ A × B satisfy
which implies that the coupled best proximity point problem is Ulam-Hyers stable.
It is observed that the coupled best proximity point obtained in Theorem 2.9 is not necessarily unique. This can be illustrated by the following example: This implies that S is a p-cyclic nonexpansive mapping. Therefore, all the conditions of Theorem 2.9 are satisfied which yields the existence of a coupled best proximity point of S. We observe that (0, 1) − S((0, 1), (0, 2)) = (0, 1) − (0, 2) = 1 = dist(A, B), (0, 2) − S((0, 2), (0, 1)) = (0, 2) − (0, 1) = 1 = dist(A, B).
Therefore, ((0, 1), (0, 2)) is a coupled best proximity point of S. Also, if we consider x ∈ [0, 1] such that sin x = x, then ((x, 1), (x, 2)) is a coupled best proximity point of S.
The following result establishes the existence of a coupled best proximity point and Ulam-Hyers stability in strictly convex Banach spaces. Similarly, y * − v * ≤ 2ǫ + 2dist(A, B)
Remark 2.12. It is also intriguing to investigate the existence of a multidimensional best proximity point and its Ulam-Hyers stability in the case of finitely many nonempty, closed and convex subsets of a uniformly convex Banach space.
